There has been substantial interest in miniaturizing optical systems by flat optics. However, one essential optical component, free space, fundamentally cannot be substituted with conventional local flat optics with space-dependent transfer functions, since the transfer function of free space is momentum-dependent instead. Overcoming this difficulty is important to achieve utmost miniaturization of optical systems. In this work, we show that free space can be substituted with nonlocal flat optics operating directly in the momentum domain. We derive the general criteria for an optical device to replace free space, and provide a concrete design of a photonic crystal slab device. Such a device can substitute much thicker free space with a compression ratio as high as 144. Our work paves the way for utmost miniaturization of optical systems using combination of local and nonlocal flat optics. arXiv:2003.06918v1 [physics.optics] 
I. INTRODUCTION
Recently, there has been significant progress in flat optics aiming to miniaturize optical systems by replacing conventional optical components [1] [2] [3] [4] . Such flat optics typically achieves wavefront shaping through local control of phase, amplitude and polarization in the spatial domain. This approach enables compact devices including metalenses, beam deflectors and holograms, with potential applications such as flat displays, wearable optics, and lightweight imaging systems [5] .
However, there is one essential optical component that has been long-overlooked in flat optics: free space. Free space is an essential part of most optical systems, and usually constitutes a great portion of the system volume. The utmost miniaturization of optical systems therefore requires significant reduction of free space: a truly miniaturized imaging system needs not only compact flat lenses, but also squeezed free space.
Free space fundamentally can not be substituted with conventional local flat optics characterized by spacedependent transfer functions, since the free space propagation has a momentum-dependent transfer function instead. On the other hand, recently there has been significant interest in lensless Fourier optics using nonlocal photonic nanostructures with tranfer functions in the momentum domain. This approach enables important functionalities in optical analog processing including optical differentiation and filtering using compact devices [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
In this work, we show that free space can be substituted with nonlocal flat optics. We derive the general criteria for a device to replace free space, and provide a concrete design of such a device utilizing photonic Fano resonances. The device can substitute much thicker free space with a compression ratio as high as 144. It can be * shanhui@stanford.edu placed anywhere in the optical path to reduce free space as needed. Our work therefore opens up significant opportunities in miniaturizing optical systems by squeezing free space with nonlocal flat optics.
The rest of this paper is organized as follows. In Sec. II we provide a theoretical analysis of replacing free space with flat optics using Fano resonaces. In Sec. III we provide numerical demonstration of a concrete photonic crystal slab design to realize such a functionality. We conclude in Sec. IV. The free space propagation can be replaced by a nonlocal optical device, which has a significantly reduced physical length, but performs the same functionality as the free space. (c) Properly designed photonic crystal slab can serve as a substitute for free space propagation. The geometric parameters are r = 0.111a, d = 0.55a, ds = 0.07a, dg = 0.94a. a is the periodicity along both x and y directions. The yellow regions correspond to material with permittivity ε = 12.
II. THEORETICAL ANALYSIS
In this section, we provide a theoretical analysis on substituting free space with flat optics.
First we briefly examine the propagation of light in free space. Consider a monochromatic optical wave of wavelength λ and complex amplitude U (x, y, z) in the free space between the input plane z = 0 and the output plane z = d. The free space propagation that maps U (x, y, 0) to U (x, y, d) is a shift-invariant linear system, since the Helmholtz equation that governs U (x, y, z) is linear, and free space is invariant under spatial translation in the xy-plane. Such a shift-invariant linear system is characterized by its transfer function [16] :
where k = (k x , k y ) is the in-plane wavevector, and k 0 = 2π/λ is the angular wavenumber in free space. H(k x , k y ) is a circularly symmetric complex function of k x and k y . A plane wave component with k 2
For such a wave, the magnitude |H(k x , k y )| = 1 and the phase arg{H(k x , k y )} is wavevector dependent. A plane wave component with k 2
x +k 2 y > k 2 0 is evanescent. For such a wave, H(k x , k y ) is exponentially decaying.
Given the input field U (x, y, 0), the output field U (x, y, d) is determined as:
wherẽ
(3) In many cases of interest, the optical waves are paraxial where the input field U (x, y, 0) contains only wavevector components for which k 2
x + k 2 y k 2 0 . The transfer function in Eq. (1) then can be simplified as
where H 0 = exp(−ik 0 d) is a global phase. This is the well known Fresnel approximation [17] . This approximation is applicable if 4 1.
In order to squeeze free space of a propagation distance d, our objective will be to create an optical device with the same transfer function of Eq. (4), but with a physical thickness that is much lesser than d. Since the transfer function of Eq. (4) describes a wavevectordependent phase shift, with no mixing between different wavevector components, the required optical device must be periodic in order to preserve the wavevector as light transmits through the device. This is in contrast with standard metasurfaces, which are characterized by a space-dependent phase shift, and hence does not preserve the wavevector in the transmission process [11, 18] . In addition, to achieve Eq. (4) ideally we will need an allpass filter with unity amplitude transmission coefficient for all wavevector components.
In this work, we show show that the transfer function of Eq. (4) can be achieved utilizing the phase response of Fano resonances [19] [20] [21] . We consider a single band of guided resonances in a 2D photonic crystal slab. Assuming that the slab has mirror symmetry in the vertical direction (z direction), the transmitted and reflected amplitudes near resonant frequencies can be expressed as [22] :
where t d and r d are the direct transmission and reflection coefficients, ω(k) and γ(k) are the center frequencies and radiative linewidths of the guided resonance band, and f is the normalized complex amplitude. The plus/minus sign in Eq. 7 corresponds to even/odd mode with respect to z−mirror plane, respectively. For such a system, energy conservation requires [22, 23] 
Denote dimensionless frequency detuning as
then Eq. (6) with Eqs. (8-10) becomes
which is a typical Fano lineshape function with ±q being the asymmetric parameter [24] , and
Near the resonance, the transmission magnitude varies between |t| = 0 at Ω = ∓q and |t| = 1 at Ω = ±1/q. The phase also exhibits a rapid variation as a function of frequency:
where the first term corresponds to the phase of the directly transmitted amplitude, which is slowly varying in ω and k; the second term describes the abrupt π phase jump at the zero transmission frequency; the last term corresponds to the rapid variation of the phase due to the guided resonance. Now, we show the band dispersion of guided resonances can be used to realize the quadratic phase response as described by Eq. (4). We consider a specific band of guided resonances near k = 0 with isotropic band dispersion
and small dispersion of linewidths
Then
where
Assuming Ω(ω, k) = ∓q for all the relevant k,
which gives the the same quadratic dependent of phase on wavevector, as required in Eq. (4).
Finally, we note that by choosing suitable q and operating frequency ω ≈ ±1/q correspondingly, in general one can achieve near-unity transmission |t(Ω(ω, k))| ≈ 1 for all the relevant k. Therefore, the transfer function for monochromatic waves with frequency ω becomes
where t(Ω 0 ) is a global phase with |t(Ω 0 )| = 1. Eq. (19) has exactly the same form as Eq. (4). Thus, we have shown that the same phase response for light propagating over a distance d eff in free space can instead be achieved using a photonic crystal slab, provided that the band structure of the slab is isotropic as described by Eq. (14) with the parameters that satisfy
With a choice of small γ 0 , (i.e. using guided resonances with high quality factors), one can achieve a large d eff using a photonic crystal slab with a physical thickness that is far smaller than d eff . Therefore, we have shown that the use of a properly designed photonic crystal slab can achieve the squeezing of free space.
As was noted in [10] , in a typical photonic crystal slab, due to the photonic spin-orbit coupling, the band structure near k = 0 is not isotropic. However, one can use the specific design procedure as discussed in [10] to design a photonic crystal slab with an isotropic band structure of the form of Eq. (14) . In the next section, we will follow the same design procedure of Ref. [10] in our numerical design.
III. NUMERICAL DEMONSTRATION
Based on the theoretical considerations above, we provide a concrete design of such a photonic crystal slab device. Our device consists of three layers as shown in Fig. 1c . The middle layer is a photonic crystal slab with a lattice constant a. It has a thickness of d = 0.55a, and contains a square array of circular holes with radius r = 0.111a. Two homogeneous slabs with thickness d s = 0.07a are placed symmetrically besides the photonic crystal slab. The air gaps between the middle slab and the homogeneous slabs are d g = 0.94a. The total thickness of such a device is d T = d + 2d s + 2d g = 2.57a. All slabs are made of materials with a permittivity ε = 12, which approximates that of Si or GaAs in the infrared wavelength range. Such a photonic crystal slab device hosts a pair of guided resonances that are doubly degenerate at the Γ point (k = 0) with the frequency ω 0 = 0.47656 × 2πc/a. (Such a two-fold degeneracy is required in order for the guided resonance to couple to normally incident light [22] .) As we mentioned above, in general, the band structure of the guided resonances is anisotropic around k = 0 for a photonic crystal slab with the C 4v symmetry. However, with the geometry parameters chosen above, which are obtained following the same procedure as in Ref. [10] , we show the corresponding band structure as obtained using the guided mode expansion method [25, 26] in Fig. 2. Fig. 2a shows that for each band, the dispersion along the ΓX coincides with that along the ΓM direction. Fig. 2b shows that the isofrequency contours for the upper band are almost circular. Both bands become almost completely isotropic:
where α 1 = 1.79 ca/(2π), α 2 = −0.43 ca/(2π) and the 1, 2 subscripts correspond to the upper and lower band, respectively (cf. Eq. (14)). Also, we note that the dispersion of radiative linewidths γ i (k) is anisotropic. Nonetheless, the dispersion of γ i (k) is much smaller than that of ω i (k) so that its effect on transfer function is negligible: Eq. (15) ).
As was noted in Ref. [10] , the isotropic band structure leads to the remarkable effect of single-band excitation: s/p-polarized light only couples to the upper/lower band, respectively, for every direction of incidence [10] . Consequently, the s or p polarization is preserved upon transmission through the device (t ps (ω, k) = 0). We calculate the transmittance of s-polarized light t ss (ω, k) by the Fourier Modal Method using a freely available software package [27] . Figs. 2c and 2d depict the magnitude |t ss | and phase arg(t ss ), respectively, at a general azimuthal angle φ = arctan (k y /k x ) = 14 • . Due to the isotropic band structure, the results are essentially the same for any other φ. The plots clearly show that s-polarized light only excites the upper band. The transmission exhibits sharp dip in magnitude and rapid variation in phase near the band dispersion of the guided resonances. Figs. 2e and 2f plot the spectra of the transmission magnitude and phase at incident angles θ = 0 • and θ = 1 • , respectively. For both incident angles, both the amplitude and phase follows the Fano lineshape formula as described by Eq. (12) and Eq. (13) . As θ increases, the resonance shifts to higher frequencies, in consistency with the band structure. Based on Figs. 2e and 2f , we choose the operating frequency at ω op = 0.47640 × 2πc/a as indicated by the green dashed line. At this frequency, the transmission coefficient magnitude stays close to unity while the phase varies substantially for varying incident angles, as is required for Eq. (19) . Also, we note that at this frequency the corresponding wavelength is greater than the lattice constant such that there is no diffraction due to the slab.
At the magnitude and phase of the transmission t ss (k x , k y ) in the k x and k y plane. Figs. 3c and d show the magnitude and phase of the transmission along the ΓX direction. The transmission has a magnitude of unity over the entire wavevetor range considered (Fig. 3a) . Hence the structure behaves as an all-pass filter in this wavevector range. The phase is isotropic and shows a quadratic dependency of |k|. The magnitude and phase response therefore agrees with Eq. (19) . By fitting the phase response with a quadratic function in |k|, as shown in Fig. 3d , we obtain the parameter α/[γ 0 (1 + Ω 2 0 )] = 61.97 a 2 for Eq. (19) , thus the device is equivalent to free space of a thickness d eff = 371 a as determined from Eq. (20) . Since the device has a thickness of d T = 2.57 a, by replacing the free space with this device we have preserved the angle-dependent phase response of the free space while reducing the required physical thickness by a compression ratio of d eff /d T = 144. Moreover, since the device behaves as an all-pass filter, a longer effective propagation distance can be achieved by simply cascading multiple devices together. A cascade of N devices results in an effective propagating distance of N d eff , whereas the compression ratio is unchanged from a single device.
In Fig. 4 , we provide a numerical demonstration of the performance of our device [28] . We consider a converging azimuthally (s) polarized Laguerre-Gaussian beam with l = 1, m = 0 at the operating frequency ω op . Its intensity distribution at z = 0 plane is shown in Fig. 4a . For demonstration, we directly simulate a cascade of N = 40 devices with an air gap of thickness 0.5a between every two neighboring devices. The total thickness of the 40 cascaded devices including the air gaps are 123 a. We numerically calculate the intensity distribution of the transmitted beam after the cascaded devices as shown in Fig. 4c . The beam size significantly reduces after passing through the devices. We also numerically verify that the result for 40 devices is indeed the same as that for a single device repeated 40 times. As comparison, in Fig. 4d we plot the intensity distribution of the original beam after the propagation in free space by 40 d eff = 14823 a. Fig. 4c and Fig. 4d agree very well. In Fig. 4b we plot the radial profile for the input beam and the aforementioned two output beams. We see that our device can substitute free space propagation and reproduce the beam width and beam shape very well. The reduced peak intensity is caused by the deviation of the transfer function at large wavevectors (Fig. 3d ).
IV. DISCUSSION AND CONCLUSION
We note that our device, like free space, is invariant under both translation along the longitudinal direction (i.e. the propagation direction or z-direction in Fig. 1) , and transverse (i.e. within the x-y plane) directions. Therefore the device can be inserted anywhere along the optical path and the effect is independent of the location of insertion. Our device works for both spatially coherent and incoherent optical waves. We also note that our device can work at different frequencies as well, though the equivalent propagation distance can be different. Correction of such a chromatic aberration is of interest for future research.
In conclusion, we have shown that free space can be substituted with nonlocal flat optics. We derive the general criteria for replacing free space with an optical device, and provide a concrete design of a photonic crystal slab device. Such a device can substitute much thicker free space. Our work provides an important complement to local flat optics and may prove important for miniaturization of optical systems.
